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Abstract. An adiabatic integration formula for the
quantum chemistry correlation energy functional of the
Hartree-Fock density, EQC[n], is presented. The func-
tional £Q€[n] is meant to be added to the completed
Hartree—Fock energy to produce the exact ground-state
energy of the system under consideration. The initial
slope of the integrand in this connection formula is
identified as a second-order energy and an explicit
expression for the initial slope of the integrand is
presented. Our expression should be useful for arriving
at new improved approximations to Egc[n] Previous
numerical results by Huang and Umrigar (1997) Phys
Rev A 56:290, for two-electron densities are proved, and
a generalization to more than two electrons is presented.
Results obtained by means of the present density
functional theory correlation energy functionals, when
used to approximate the initial slope in our adiabatic
integration formula for EQC[n], are compared against
exact numbers.

Key words: Correlation energy functionals — Density
functional theory

1 Introduction

The construction of accurate correlation energy func-
tionals and the continuous improvement of present ones
are crucial in achieving high-quality density functional
calculations not only within the Kohn-Sham (KS)
formalism [1-8], but also in hybrid schemes featuring
density functionals as post-Hartree—Fock (HF) methods
[8-15]. Knowledge of the exact properties of the
unknown correlation energy functionals is very impor-
tant because approximate functionals could then be
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made to satisfy these exact constraints. With these goals
in mind, new relations between the conventional density
functional theory (DFT) correlation energy functional,
E.[n] [6, 8], and the traditional quantum chemistry (QC)
correlation energy functional of the HF density, £2€(n],
are presented. E.[n] is to be used in self-consistent KS
calculations, in contrast to £2¢[n] which is meant to be
added to the completed HF energy to produce the exact
ground-state energy of the system of interest. The
utilization of this latter functional enables one to replace
the time-consuming methods for calculating QC corre-
lation energy which are usually based on many-body
perturbation theory, with a simpler calculation involving

The present study has also been influenced by a re-
cent work of Huang and Umrigar [16]. They numeri-
cally investigated the asymptotic high-nuclear charge
(high-Z) expansion for the Coulombic potential and
the asymptotic high-force constant expansion for the
harmonic oscillator potential for the DFT and QC
correlation energies for two-electron densities. For the
two-electron systems studied, they found numerically
that the respective asymptotic series begin with the same
second-order energy term. We shall prove their numer-
ical observations for two-electron systems, as well as
derive an inequality connecting the second-order ener-
gies in both series studied for more than two electrons,
with the caveat of nondegeneracy. Previous DFT-high-
Z connections have been made by Perdew et al. [17],
Chakravorty and Davidson [18], and Ivanov and Levy
[19].

We shall introduce an adiabatic integration formula
for E2C[n] and identify the initial slope of the integrand
as a second-order energy. For certain atomic densities,
the second-order energy is the leading term in the high-
Z asymptotic series for the QC correlation energy.
Since there are numbers available for the QC correla-
tion energy for isoelectronic systems with infinite nu-
clear charge, Z — oo [18, 20], and for Harmonium with
infinite force constant [16, 21-23], we will compare
these numbers against those obtained from different

DFT functionals when used as approximations to
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2 Definitions and notation

In atomic units (hartree atomic units are to be used
throughout the paper), the Hamiltonian operator "H is
defined as

N
TAR) = T(R) +7 Ve R) + 3 v(r) (1)
i=1
where R represents all coordinates. In the above
formula, T(R) and V. (R) are the kinetic energy and
electron—electron repulsion operators, respectively, and
v(r) is the external potential for the system of interest. In
Eq. (1), y is a coupling constant that turns on and off the
electron—electron repulsion. Note that when y = 1, the
Hamiltonian in Eq. (1) corresponds to the full interactive
Hamiltonian of some system in the external potential
v(r).

The ground-state energy of "H, "Egs, is given by
"Egs = ( "Wgs|'H|'¥gs) . (2)

where "Wgg is the wavefunction that minimizes the
expectation value of "H. The restricted HF energy "Eyg
is defined as

"Enr = ( "Oup['H| Oyr) | (3)
where "®yp is the single determinant that minimizes
'H),

The traditional QC correlation energy "EQ“['n] is
defined [24] as the difference between "Egs and "Eyp and
it is a unique functional of the HF density "n(r), as
shown independently by Harris and Pratt [12], and Levy
[13], and extended by Davidson [14]. Namely

}’E((;)C[Vn] — <V\.PGS‘VH|V\PGS>
— ("Oyr| H| Our) . (4)

In Eq. (4), "n(r) is the HF density obtained from "®yp,
i.e. ’n(r) = ("®yg|p|’ ®@ug), p is the density operator. The
HF density is not the same as the ground-state density
7nG8(r) obtained from "Wgs, except for the special case
of the nondegenerate ground state for y = 0. Note that
the definition of the correlation energy 7EQC["n] depends
upon 7, as well as upon the density.

3 Adiabatic connection formula

The Hamiltonian given in Eq. (1) is particularly useful
for studying the actual QC correlation energy EQC[n]
corresponding to systems with a full electron—electron
repulsion, i.e. EQC[n] =7EQ['n] at y = 1. In order to
simplify our notation, when y = 1 the superscript will be
omitted. For systems with a nondegenerate ground state,
EQC[n] can be obtained by

1

1
VEQCY
50 = [ avspn) — [ 25 ay (s)
0 0

Equation (5) follows directly from Eq. (4) because for a
nondegenerate ground state at y = 0, "W g is the same as

O®yr, and °EQC[°n] becomes zero. By using the defini-
tion of /EQC[*n] and taking advantage of the minimizing
(stationary) nature of "Wgg and "®yp, we obtain

1
£l = [ dy (6)
0
where
, 0 7EQC'n]
77QCm 1 — c

= ("¥as|VeeWas) — ("Oup|Vee Opir) . (7)

In contrast to the adiabatic integration formula in
DFT [25, 26], where the density is kept the same along
the integration path, in our formula for £2€[n], Eq. (6),
the density changes along the 1ntegration path y. New
improved approximations to EQ¢ é Cdl’l be developed by
approximating the integrand ” VQ [’n] in a similar way to
what has recently been done by Ernzerhof [27], and by
Perdew and coworkers [28—32] in their modeling of the
DFT adiabatic connection integrand.

By applying standard Rayleigh—Schrédinger pertur-
bation theory, we develop expansions for "Egs and "Eyxg
and their respective wavefunctions "Wgg and "®yg. The
energy expressions read

"Egs = Eo +7'EG3 + 72 EGy + PPEgy + -
=E, + Z V]EGS ) (8)
Jj=
and
"Enr = Eo + 7' Eqff + 7 Eqqh + 7 Eqp + -
o+ Y vED . ©)
=

In Egs. (8) and (9), E, is the ground-state energy of °H,
i.e. "H at y = 0. The eigenvalue problem corresponding
to °H is

‘HOp =E, @; Eo<E\<Ey<---<E<---, (10

where we shall concern ourselves with situations where
E, is nondegenerate. For k£ > 0, @, are the excited-state
wavefunctions of °H.

The corresponding series for the wavefunctions "Wgs
and '@y are

"Wgs = ‘P(C?% + yl‘ng + yz‘Pgé + y3‘I’g; + o
o0
=Y e (11)
=0
and

"Dy = Ot + 7' Oy + 7 By + 7Py + -

=3 o) . (12)
=0



When °H has a nondegenerate ground state, both series
begin with the same ®, which is the ground-state
solution to Eq. (10), £ =0. In other words, ‘I’(GO% =
<I)12F = @,. Unless otherwise stated, this nondegeneracy
shall be assumed.

The second and third terms in the corresponding
expansions for "Egs and "Eyg, with nondegenerate E,,
are

1 I o
Eg}% = Eﬁl): = (D[ Vee| Do) (13)
2y _ 1 S oy L e
Egs = 5 (®o|Vee¥g) + 3 (Y63 Veel Do) (14)
and
) _ 1 S (] 1,5
Eggp = 5 (@0l Vel D) + 5 (Pyip | Vee| Do) (15)

For completeness of the presentation, we explicitly show
the complex conjugate counterparts of the wavefunc-
tions even though the energies are real. In the above
equations, ‘I’C}% is expanded in the usual way as

- (Dk|\7ee|q)o>
) — 3 (PlVeel®o) g 16
GS kz:; Fo—E X (16)
In terms of eigenfunctions of °H, (DE{I)F is given by [19]
- I
=1 E, _Ek
(D] Vee |D
-3 (el (17)
=1 o k

|

.E

since HFY([®,];r) is a one-body operator and for every
determinant @, corresponding to single excitation

N
i=1

> Y ([@o]; 1) | Do

In Eq. (17), HF9([®@,];r) is the HF nonlocal effective
potential which has two contributions: the nonlocal
exchange potential HF¥, ([®,]; r) built from the occupied
one-particle orbitals of ®,, and the local Hartree
potential u([°n];r), associated with the density ©°n
obtained from ®,. S.E. indicates that the summation is
over single excitations only.

By subtracting Eq. (9) from Eq. (8), dlong with
making use of Eq. (13), one obtams an expression for
7EQC[7n] which begins with y?EXS):

> = (D] Vee|®o ) (18)

”*’ESC ['n] = yzEgc,(z) + y3ESC’(3> 4= ZVJESC’U)
=2
(19)
where
EQV = By — By - (20)
It follows that
limy~2 7EQC['n] = EQC@) (21)

y—
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When the ground state of °H is degenerate, the
expansion for 7EQC['n] is expected, in general, to begin
with a term linear in y since Eg% < E}({%

By making use of Egs. (14)—(17), the second-order

energy E?C’(z), given in terms of eigenstates of °H, be-
comes [19]
1
ECO) = J(@, Vi (¥ - 0} })
1 D e
§<{\PGS i{)F}‘Vee|CD0>
0 \“/ 2
~ E E

o

E

In Eq. (22), D.E. 51gn1ﬁes double excitations: in other
words, the summation is over those eigenstates @ of °H
which are obtained by exciting two electrons from ®@,.
There is no contribution from singly excited states.

By differentiating Eq. (19) with respect to y (see
Eq. 7), we obtain an expression for 7V2¢[a] for small
y, namely
"Y€ ] = 2pEQC) 4 32 EQCC) L (23)
Here, ZEQC is the initial slope of the 1ntegrdnd in Eq.
(6) for y =0, and EQ“W is given explicitly in terms of
the elgenfunctlons and eigenvalues of °H in Eq. (22).

It is worth mentioning that, for a nondegenerate
ground state, the densities obtained from the wavefunc-
tions "Wgs and @y are the same through the first order
in 7. This follows from the forms of lP(GS and (I)%)F, and the
fact that the density operator p is a one-body operator.
For the first order in 7y, one has

(WGdIDIDo) + (Do|p¥GL)
= (O H[p| Do) + (Do |p|DY)) = nV) . (24)

4 Perturbation expansion for the DFT correlation energy

For the Hamiltonian in Eq. (1), the conventional DFT
correlation energy functional 7E.['n%%] is defined as
[6, 8]

"E. [ynGS] ="Egs — "Exs
= <7\PGs|yl:l|y\PGs> — <7(DK3|VH|A/(DK5> .
(25)

In Eq. (25), according to the constrained-search
formulation of DFT [7], "®ks is the wavefunction which
minimizes the expectation value of the kinetic energy
operator only, and yields the actual ground-state density
"nGS for every 7. At y = 1, one has the DFT correlation
energy for the fully interacting system.

Next, we shall obtain perturbation expansions for
"Exs and "®gg for small-enough y for systems with
nondegenerate ground states at y = 0.
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The respective series for "Exs and "®gg read

TExs = Eq + 7' Egy + 7By + P E +
o0
=E,+ Y VEY (26)
=1
and
"gs = B + 7' DY + DY + PORY + -+

o0
=D+ POl (27)
=1
The second and third terms in Eq. (26) are

EQY = (D[ Vee| Do) (28)
and

2y 1 . 1 L, ()¢
Eg(% = 5 <(D0|V00|(D§<%> + E <(D§<%‘VCC|(DO> : (29)

By subtracting Eq. (26) from Eq. (8) along with making
use of Eq. (28), one arrives at an expression for ?E.['n%S]
which begins with y?E¢

oo

E['n%S]) = EQ + P EY) - =) JED (30)
=
or
lim 2 "E ['n] = EZ) (31)
y%
where
EV = EYL — EUL . (32)
In Egs. (30) and (31), E§2> is given by
1 A 1 1
E) = 2 (®o|Vee { ¥4 — D43 })
1 | D
+5 ({68 — Ok }HVeel @) - (33)

To obtain (I)g%, we consider the equation to which "®gg

is an eigenfunction:
i) + v (095 ]5m)] + Z(n)}

N
{T + 3 [ [0
=1 =1
x "Ogs = "Exs’Oks - (34)

Note that "Eks, which is a sum of the KS orbital
energies, is different from "Exs. In Eq. (34), vxu(['n9°];1)
and 7v.(['nS5];r) are local spin-independent multiplica-
tive potentials.

The correlation potential "ve(['n“®];r) is the func-
tional derivative of 7E.['nSS] and v, (['n%5];r) is the
functional derivative of Ey,['n®%] = (V(I)Ks\vee| 'Dgs),
with respect to the den51ty Here "®ksg is the single de-
terminant that minimizes (T), and yields 295, The sum
Pxu ([195]; 1) +7 vo(['nS5]; 1) makes the den51ty obtained
from "®gg the same as the density obtained from "Wgs.
All potentials considered are adjusted by additive con-
stants to vanish at infinity.

For small y, 7Exs is expanded in the following way
= Eo+ 7' B + VBB + PEG + -+

=Eo+ Y VEY . (35)
j=1

"Exs

Next, assume Taylor expansions for vy, ([[n%%];r) and
T0.(['nS];r) about y = 0. Upon substituting Eqs. (27)
and (35) in Eq. (34), and equating all terms of order 7,
one obtains

A - E,] o vau 1) | D, . (36)
Note that in Eq. (36), there is no term linear in y which
comes from yv.(['n9%];r) because of Eq. (30). Similar
results appear in Gorling-Levy perturbation theory
[9, 32, 33].

In terms of eigenfunctions of oH, @ g is given by

(Dk|z; Uxu °n 'l','|q)0>
of) = 30X ’ @ . 37
KS kz::l Fo— E; k (37)
By subtracting Eq. (37) from Eq. (16), one finds
00 A N o
1 o) — — 2 im1 U] n]§ri>|q)o>
KS - Z E Ek (Dk

(38)

Since the densities obtained from "Wgs and "®gs are
identical by definition, i.e.

( ) = ("Oks|p'ks) (39)
for order 1 in y, one has
(W3 0|®o) + (@alp¥G3)
= (i3]l @) + (@o[p|0ks) = n) (40)
or
N

Do > A(r)

< . @;:;}>
+ <{1{1(1) _ 1)} ZN:A(ri) (1)0> =0, (41)

where A(r) is any one-body multiplicative operator. Note
the s1m11ar1t;/ of Egs. (24) and (40). Both wavefunctions

s ) and <I) yleld the same first-order density as the one
obtalned from ‘Pg%, however, <D§<; is associated Wllth a
local multiplicative external potential, whereas @y is
associated with the HF nonlocal effective potential. Only
for two-electron systems does the HF effective potential
become local.

With Eq. (41) in mind, and with A(r) = v, ([°#]; 1),
the expression for EC2 becomes

- <(Dk|vee - Z]\;l Uxu([on
=1 Eo — Ex

Js 1)@ )

(42)



By separating the infinite summation in Eq. (42) into a
summation over single excitations and a summation over
double excitations, one obtains

(o @]
EP =Y

(@[ Vee| o )|

= Eo - Ek
.E.
= (Voo = S v o) [ @)
+ 43
2; 5 E, (43)
S.E.
The combination of Egs. (22) and (43) leads to
ED — FOC0)
i q)k z leU rl |(D >} (44)
- E, —Ek
SE.

For two-electron systems, there is no contribution from
single excitations and both series begin with the same
second-order energy. For more than two electrons, a
strict inequality applies. In general, for any number of
electrons, the following relation is true

EY < ECO) (45)

In a similar way, it can be shown that the correlation
energy functional EMF[nGS] [8, 9], whose functional
derivative is meant to be added to the HF nonlocal
effective potential to produce, via self-consistency, the
exact ground-state density and ground-state energy,
satisfies the following limit

limy~2 7ENF ['n9S] = EQC() (46)
y—0

In Eq. (46), "E.['n©5] is defined as

yEHF 7,GS] — /v

— (' Our[ H['Dyr)

where "®yr is the HF single determinant which mini-
mizes ("H) and yields the ground-state density 'S for
every y [7-9].

5 Homogeneous external potentials

Next, for a homogeneous external potential, v/(r), of
degree s which depends on some positive constant S, i.e.

Plor) =P () (48)

we shall consider a canonical transformation of the
coordinate system, as originally suggested by Hylleraas
[35] and later utilized by Linderberg and Shull [36]. The
interacting Hamiltonian H(R) with some homogeneous
external potential v#(r) of degree s, can be expressed
equivalently in coordinate system AR as

H(R)—i{(}R)Jr}Vee}R wzz }rl}.

(49)
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With an appropriate choice of 4, which depends upon f,
Eq. (49) takes on the form

A )+Zv<zri>} -

i=1

H(R) = ;P{T( R) + (50)
In Eq. (50), v(r) corresponds to an external potential
which is independent of . In other words, v(r) has the
form of v#(r) for = 1. When the external potential is
linear in f3, this leads to a simple relationship between A
and ﬁ depending upon the degree of homogeneity s, i.e.
B = />, For example, if vf(r) = —f/r, then /. = B, and
if v#(r) = pr2, then 4 = p'/4.

Following Linderberg and Shull [36] and making use
of Egs. (8)—(22) with y =1/ for large-enough f, the
QC correlation energy for the Hamiltonian with v/(r)
becomes

EE[n] = B

_1_) 1EQC )_|_ ..

_ Z )T EQC(+2)
c 9
=0

with g = 2***, for s > —2. The density n”(r) depends on

the value of the constant 3, but ESC‘Q) is independent of
p. In turn, E¢ is the leading term in the asympotic
high-f expansion for the whole isoelectronic series
associated with some v#(r) [35], i.e

fim EQC[nf] = EQ°@) .
—00

(51)

(52)

For the conventional DFT correlation energy following
Huang and Umrigar [16], in a similar way we obtain

Jim £, [n9SF] = EZ) (53)

By using Eq. (45), we arrive at an inequality connecting

the asymptotic high-f expressions for E[n“S#] and
EQ€[n’], namely
Jim E (957 < Jim EX[n’] . (54)

The strict inequality in Eq. (54) is true only for two-
electron densities (see Eq. 44). This equality has been
observed numerically by Huang and Umrigar [16] in
their studies on two-electron systems in homogeneous
external potentials in the high-f limit.

For the functional EHF[rC5], defined in Eq. (47), one
has

lim EHF [5054]

p—o0

= EQCO | (55)
From the coordinate transformation in Egs. (49) and
(50), as pointed out by Chakravorty and Davidson [18],
for large f8, and respectively large /, it follows that

nP(x,y,2) — 22 °n(0x, Ay, Jz) . (56)

In Eq. (56), /* °n(ix, Ay, /lz) is the ground-state density of
the scaled Hamiltonian in Eq. (50), for f — oco. Note
that A*°n(Ax, 1y, z) is also the scaled ground-state
density of the Hamiltonian in Eq. (1) for y =0 and
the homogeneous external potential vf(r) with = 1.
By combining Egs. (52) and (56), for a homogeneous
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external potential with a nondegenerate ground state, we
identify the second-order energy EQ
dinate-scaling of the density as

lim EQC [nf] = }im EQC[°n;] =

p—o0

through coor-

EQCD (57)

Slnce for large f, and respectively large 2, nSSP(x,y,z) —
°n(Ax, Ay, Az), we obtain

}L%Ec [n95] = lim Ec[°n;] = E) (58)
and
ﬂh_{’lgoEHF[ GS.[?} }LH;ICEHF[ nA] ESC,(Z) ) (59)

6 Numerical results

Since there are many published numbers for EQC [16,
18, 20, 21], we present these numbers as important
values for approximating "V2¢["n], in Eq. (6). We can
approximate the initial slope 2EQC 2 by approximating
lim, ., EQ€[°n;], which, in turn, equals ES? (Bq. 57).
These exact numbers are compared against the results
obtained from three DFT correlation energy function-
als — the one of Lee, Yang and Parr (LYP) [37], the
functional of Wilson and Levy (WL) [38], and the
recently derived generalized gradient approximation of
Perdew, Burke and Ernzerhor (PBE) [39].

To test approximations to ?¥V¢["n], first we take the
exact values for the second-order energy E; for five
different hydrogen-like densities. The model densities
are the ground state densities of °H in Eq. (1) with

o(r) = —f/r. EQ s independent of f5, even though the
density depends on f. For homogeneous external po-
tentials, when the scaled density is employed and the
limit A — oo is considered, all densities corresponding
to different finite positive  have the same scaling limit.
In other words,

lim 7* °nf(Jx, Ay, Jz) = lim 2* °n(ix, Ay, 2z)

A—00 A—00

(60)

The two- and ten-electron densities are generated from
the nondegenerate ground-state wavefunctions of the
noninteracting °H. For the 3-, 9- and 1l-electron
densities, the ground state of °H is degenerate but the

integrand 7¥Q¢["n] still begins with 2EX“? because of
symmetry, following Linderberg and Shull [35]. The
3-, 9- and ll-electron densities are obtained from
wavefunctions that correspond to configurations 1s2s,
15225%2p° and 1s22s?2p®3s respectively.

In Table 1, we compare the exact values of 2EQC( )

with those of 2EATP? APP,(2) _ = EAPP[op;] as

A — o0, and °n are the ground-state densities of OH with
v(r) = —B/r. EAPP[°n;] refers to one of the three ap-
proximations — LYP, WL, or PBE.

In Table 2, we compare the exact value of 2EQC’(2)
with those of 2E; APP(2) , for the ground-state density of
0H with u/’() pr2. The exact form of °nf is then
°nf(r) =2 (2p /7t)3/2 exp(—2p*?). Even though the
densny depends on f, the second-order energy is inde-
pendent of f because of Eq. (60).

, Where E;

Table 1. Comparrson of 2E9°? for H in Eq. (1) with o(r) = —p/r
APP,(2)
as f — oo to 2E;

Density 2ECO 2EFBER) oplYP®) o pWLO)
2-electron -0.0934  -0.0958  -0.1134  —0.0960
3-clectron -0.1074  -0.1168  —-0.1990  —0.1136
9-electron -0.7388  -0.7712  -0.9330  —0.7652
10-electron  —0.8556  —0.9154  —1.0590  —0.9008
ll-electron  —0.9068  —0.9506  —1.1780  —0.9436

Table 2. Comparison of 2E8C’(2) for H in Eq. (1) with uo(r) = Br* as
p — oo, to 2EAPP< )
Density 2EQC() QEPBEQ) HpLYPQ) 5pWL(2)

20282 /n) exp(—2442)  —0.0994 —0.1626 —0.0710 —0.1564

The approximations tested give reasonable-to-excel-
lent values, depending upon the functional, the number
of electrons, and the external potential for the test den-
sity. In general, the results obtained by means of all
approximations for the density of the harmonic oscilla-
tor external potential are significantly worse than those
for hydrogenic densities. Also, when the adiabatic con-
nection formula Eq. (6) is employed to generate a new
approximation to EXC[n], with all three functionals there
is room for improvement when these functionals are
used to approximate the 2F; segment of the inte-
grand, which is the initial slope in this adiabatic con-
nection formula.

The numerical results partially explain the results
obtained by Fuentealba and Savin [40]. They found that
the WL functional gives better results than the LYP
approximation when used as a“‘tack-on” functional. The
data in Tables 1 and 2 suggest that the WL functional
produces a quite good approximation to the integrand in
Eq. (6). (For a review of the use of the WL approxi-
mation as a functional added to the completed HF en-
ergy see Ref. [41]) In line with this, the PBE functional is
also expected to produce very good results when used as
an approximation to EQ“[n] or EHF[n65].

The numbers presented in Table 1 are the same as
those in Ref. [19] but multiplied by a factor of 2. (There
are slight differences between the numbers obtained with
the LYP approximation in Ref. [19] and those presented
in this work. Here, the results from the LYP functional
are calculated with the exact value of a, given in Ref.
[36], a = 0.04918, rather than a = 0.049 which was used
in Ref. [19].) Ivanov and Levy [19] have established
connections between known numbers from the asymp-
totic high-Z expansion for the QC correlation energy
and the second-order energy in Gorling-Levy pertur-
bation theory for certain hydrogen-like densities in the
context of the DFT adiabatic connection method.

7 Concluding comments

We have derived an adiabatic connection formula for
the correlation energy functional, EQ“[n], of the HF
density. This functional is intended to be added to the



completed HF energy to produce the exact ground-state
energy. The initial slope of the integrand in this
integration formula, Eq. (6), has been identified as
ZESC'(z), where E?C’(z) is given in Eq. (23). E?C’<2) can
be easily computed through the variation-perturbation
method of Hylleraas [34]. Since there are published
numbers for E?C’ from the asymptotic high-f expan-
sions for the QC correlation energy, we have presented
six numerical tests to assess approximations to the initial
slope of the integrand in the adiabatic connection
formula introduced. Viable DFT correlation energy
functionals have been tested when used as approxima-
tions to 2E?C’ 2, Further, Eq. (6) should prove valuable
for developing new improved approximations to E2Cn].
Our adiabatic integration formula enables one to
connect available results at coupling constant 1 and
results at low coupling constants in order to model the
integrand in Eq. (6).

In order to prove recent numerical results by Huang
and Umrigar for homogeneous external potentials v/(r),
we have developed high-B expansions for E[nS#] and
EQC[n"], where nSSF is the ground-state density and n”
is the HF density of the same Hamiltonian. We have
shown that limp_. Ec[n95#] <limg ., EQC[nf], with
equality for, and only for, two-electron densities. This
equality has been numerically observed by Huang and
Umrigar.
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